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Abstract
The two matrix spectral problems of Ablowitz-Kaup-Newell-Segur (AKNS) and Kaup-Newell
(KN) types associated with so(3,R) are generalized. The corresponding hierarchies of generalized
soliton equations are derived by the standard procedure using the zero curvature formulation.
Recursion operators and bi-Hamiltonian structures are explicitly constructed for the resulting
two generalized soliton hierarchies of AKNS and KN types, which shows their Liouville integra-
bility.
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1 Introduction
One important and interesting topic in soliton theory is to search for new integrable systems and
investigate their integrability properties. There has been a lot of work on how to generate soliton
hierarchies from matrix spectral problems or Lax pairs by the standard procedure using the zero
curvature formulation [1–5]. The celebrated examples include the Korteweg-de Vries hierarchy,
the Ablowitz-Kaup-Newell-Segur (AKNS) hierarchy, the Kaup-Newell (KN) hierarchy, the Wadati-
Konno-Ichikawa (WKI) hierarchy, the Dirac hierarchy and the Boiti-Pempinelli-Tu hierarchy [6–11].
Soliton hierarchies generated from matrix spectral problems often possess recursion operators and
bi-Hamiltonian structures, which implies Liouville integrability. The associated bi-Hamiltonian
structures can be established by the trace identity or the variational identity [12, 13]. Which
identity to use depends on whether the underlying matrix loop algebra is semisimple or not. If
∗
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there exist bi-Hamiltonian structures, the associated Hamiltonian pairs often generate hereditary
recursion operators [14–17].
Recently, one of the authors (Ma) successfully generalized the classical AKNS and KN matrix
spectral problems associated with the special linear algebra sl(2,R) to the ones associated with the
special orthogonal Lie algebra so(3,R), derived the corresponding hierarchies of commuting soliton
equations and established their bi-Hamiltonian structures [18,19], by the standard procedure using
the zero curvature formulation [12,20].
The three-dimensional real special orthogonal Lie algebra so(3,R) consists of 3 × 3 skew-
symmetric matrices. This Lie algebra is simple and has the basis
e1 =

0 0 −10 0 0
1 0 0

 , e2 =

0 0 00 0 −1
0 1 0

 , e3 =

0 −1 01 0 0
0 0 0

 , (1.1)
with the commutator relations:
[e1, e2] = e3, [e2, e3] = e1, [e3, e1] = e2.
The derived algebra of so(3,R) is so(3,R) itself, and so(3,R) is one of the only two three-dimensional
real Lie algebras with a three-dimensional derived algebra. The other one is the special linear
algebra sl(2,R), which has been widely used in soliton theory. The Lie algebra sl(2,R) has the basis
e′1 =
(
1 0
0 −1
)
, e′2 =
(
0 1
0 0
)
, e′3 =
(
0 0
1 0
)
, (1.2)
which has the following commutator relations:
[e′1, e
′
2] = 2e
′
2, [e
′
3, e
′
1] = 2e
′
3, [e
′
2, e
′
3] = e
′
1.
Let u = (p, q)T and denote the spectral parameter by λ. The classical AKNS matrix spectral
problem reads
φx = (−λe
′
1 + pe
′
2 + qe
′
3)φ. (1.3)
and the classical KN matrix spectral problem,
φx = (λ
2e′1 + λpe
′
2 + λqe
′
3)φ. (1.4)
In [18,19], Ma generalized the above matrix spectral problems to the ones associated with so(3,R):
φx = (−λe1 + pe2 − qe3)φ, (1.5)
and
φx = (λ
2e1 + λpe2 + λqe3)φ, (1.6)
taking the same linear combination of the basis vectors. Stimulated by the generalized AKNS and
KN matrix spectral problems in [21, 22], we would like to generalize the two new matrix spectral
problems (1.5) and (1.6) associated with so(3,R) similarly. Our two generalizations of (1.5) and
(1.6) are
φx = [−(λ+ α(p
2 + q2))e1 + pe2 − qe3]φ, (1.7)
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and
φx = [(λ
2 + α(p2 + q2))e1 + λpe2 + λqe3)]φ, (1.8)
where α is an arbitrary constant. Obviously, the generalized matrix spectral problems (1.7) and
(1.8) with the case of α = 0 reduce to (1.5) and (1.6), respectively. In this sense, we call (1.7)
a generalized Ma matrix spectral problem of AKNS type associated with so(3,R) and (1.8) a
generalized Ma matrix spectral problem of KN type associated with so(3,R).
The paper is structured as follows. In Section 2 and Section 3, from the two generalized
matrix spectral problems (1.7) and (1.8), we shall derive two soliton hierarchies and construct their
recursion operators and bi-Hamiltonian structures, thereby proving their Liouville integrability. In
Section 4, a conclusion and discussion will be given.
2 Generalized Ma equations of AKNS type associated with so(3,R)
2.1 A hierarchy of generalized Ma equations of AKNS type
To generate a hierarchy of generalized Ma equations of AKNS type from (1.7), let us introduce the
spectral matrix
U = U(u, λ) =

 0 q λ+ α(p
2 + q2)
−q 0 −p
−λ− α(p2 + q2) p 0

 , u =
(
p
q
)
, (2.1)
where λ is the spectral parameter, and so, the generalized matrix spectral problem (1.7) becomes
φx = [−(λ+ α(p
2 + q2))e1 − pe2 + qe3)]φ = Uφ = U(u, λ)φ, φ =

φ1φ2
φ3

 . (2.2)
Following the standard procedure using the zero curvature formulation [12,20], let us first solve
the stationary zero curvature equation
Wx = [U,W ], W =

 0 c a−c 0 −b
−a b 0

 (2.3)
which gives 

ax = pc− qb,
bx = qa− λc− α(p
2 + q2)c,
cx = λb− pa+ α(p
2 + q2)b.
(2.4)
Upon letting
a =
∑
i≥0
aiλ
−i, b =
∑
i≥0
biλ
−i, c =
∑
i≥0
ciλ
−i, (2.5)
and taking initial values
a0 = −1, b0 = c0 = 0, (2.6)
the systems (2.4) leads to 

aix = pci − qbi,
bi+1 = ci,x + pai − α(p
2 + q2)bi,
ci+1 = −bi,x + qai − α(p
2 + q2)ci,
i ≥ 0, (2.7)
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which tells the recursion relations:(
bi+1
ci+1
)
= L
(
bi
ci
)
=
(
−α(p2 + q2)− p∂−1q ∂ + p∂−1p
−∂ − q∂−1q q∂−1p− α(p2 + q2)
)(
bi
ci
)
, i ≥ 0. (2.8)
By imposing the conditions on the constants of integration
ai|u=0 = bi|u=0 = ci|u=0 = 0, i ≥ 1, (2.9)
we can determine the sequence {ai, bi, ci| i ≥ 1} uniquely. In this way, we can computer the first
few sets as follows:
a1 = 0, b1 = −p, c1 = −q;
a2 =
1
2
(p2 + q2), b2 = −qx + αp(p
2 + q2), c2 = px + αq(p
2 + q2);
a3 = pqx − qpx − α(p
2 + q2)2,
b3 = pxx + 2α(p
2 + 2q2)qx + 2αpqpx − α
2p(p2 + q2)2 +
1
2
p(p2 + q2),
c3 = qxx − 2α(q
2 + 2p2)px − 2αpqqx − α
2q(p2 + q2)2 +
1
2
q(p2 + q2).
Let us now introduce the auxiliary spectral problems
φtm = V
[m]φ, V [m] = (λmW )+ +∆m = (λ
mW )+ +

 0 0 fm0 0 0
−fm 0 0

 , m ≥ 0, (2.10)
where P+ denotes the polynomial part of P in λ and fm, m ≥ 0, satisfy
fm,x = 2α(pptm + qqtm), m ≥ 0. (2.11)
The compatibility conditions of (1.7) and (2.10) with each m ≥ 0, i.e., the zero curvature equations
Utm − V
[m]
x + [U, V
[m]] = 0, m ≥ 0, (2.12)
yield {
ptm = bm,x − qfm − qam + α(p
2 + q2)cm = −cm+1 − qfm,
qtm = cm,x + pfm + pam − α(p
2 + q2)bm = bm+1 + pfm,
m ≥ 0. (2.13)
Based on these systems (2.13), we can solve (2.11) to get
fm = 2α∂
−1(qbm+1 − pcm+1) = −2αam+1, m ≥ 0. (2.14)
Therefore, upon plugging (2.14) into (2.13), we finally arrive at the hierarchy of generalized Ma
equations of AKNS type:
utm = Km = R
(
bm+1
cm+1
)
, R =
(
−2αq∂−1q −1 + 2αq∂−1p
1 + 2αp∂−1q −2αp∂−1p
)
, m ≥ 0. (2.15)
The first nonlinear system in the soliton hierarchy (2.15) is as follows:
ut2 =
(
p
q
)
t2
=
(
−qxx + 4αpqqx + 4αp
2px − α
2q(p2 + q2)2 − 12q(p
2 + q2)
pxx + 4αpqpx + 4αq
2qx + α
2p(p2 + q2)2 + 12p(p
2 + q2)
)
. (2.16)
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2.2 Bi-Hamiltonian structures and Liouville integrability of the first generalized
soliton hierarchy
In order to establish bi-Hamiltonian structures, we shall use the trace identity [12] [or more generally
the variational identity (see, e.g., [23, 24] for details)]:
δ
δu
∫
tr
(
W
∂U
∂λ
)
dx =
(
λ−γ
∂
∂λ
λγ
)(
tr
(
W
∂U
∂u
))
, (2.17)
where γ is a constant to be determined. It is direct to calculate
tr
(
W
∂U
∂λ
)
= −2a, tr
(
W
∂U
∂p
)
= −2b− 4αpa, tr
(
W
∂U
∂q
)
= −2c− 4αqa. (2.18)
By substituting (2.5) and (2.18) into (2.17) and balancing coefficients of each power of λ, we have
δ
δu
(∫
am+1dx
)
= (γ −m)
(
bm + 2αpam
cm + 2αqam
)
, m ≥ 0. (2.19)
To fix the constant γ, we can simply let m = 1 in the above equation and get γ = 0. Thus, we have
δHm
δu
=
(
bm + 2αpam
cm + 2αqam
)
, Hm =
∫ (
−
am+1
m
)
dx, m ≥ 1. (2.20)
Noticing that
(
bm+1
cm+1
)
= N
(
bm+1 + 2αpam+1
cm+1 + 2αqam+1
)
, N =
(
1 + 2αp∂−1q −2αp∂−1p
2αq∂−1q 1− 2αq∂−1p
)
, m ≥ 0, (2.21)
we find that
utm = Km = J
(
bm+1 + 2αpam+1
cm+1 + 2αqam+1
)
(2.22)
where
J = RN =
(
−4αq∂−1q −1 + 4αq∂−1p
1 + 4αp∂−1q −4αp∂−1p
)
, (2.23)
which is a Hamiltonian operator. It follows now that the soliton hierarchy (2.15) has the Hamilto-
nian structures:
utm = Km = J
δHm+1
δu
, m ≥ 0 (2.24)
with
H0 = −α
∫
(p2 + q2)dx, Hm =
∫ (
−
am+1
m
)
dx, m ≥ 1. (2.25)
It is obvious that
δHm+1
δu
= Ψ
δHm
δu
, Ψ = N−1LN, (2.26)
where the inverse operator of N−1 is given by
N−1 =
(
1− 2αp∂−1q 2αp∂−1p
−2αq∂−1q 1 + 2αq∂−1p
)
. (2.27)
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Then from Km+1 = ΦKm, m ≥ 0, and JΨ = ΦJ , we obtain a common recursion operator for the
generalized soliton hierarchy (2.15):
Φ = Ψ† = N †L†(N−1)†, (2.28)
where Ψ† denotes the adjoint operator of Ψ. The operator Φ = (Φij)2×2 can be explicitly computed
as follows:


Φ11 = −2α∂p∂
−1p+ 2αq∂−1q(∂ + 2α∂q∂−1p)
−α(p2 + q2)(1 + 2αq∂−1p) + q∂−1p[1 + 2α2(p2 + q2) + 4α2∂p∂−1p],
Φ12 = (1− 2αq∂
−1p)(∂ − 2α∂p∂−1q)
−2α2(p2 + q2)q∂−1q + q∂−1q[1 + 2α2(p2 + q2) + 4α2∂q∂−1q],
Φ21 = −(1 + 2αp∂
−1q)(∂ + 2α∂q∂−1p)
+2α2(p2 + q2)p∂−1p− p∂−1p[1 + 2α2(p2 + q2) + 4α2∂p∂−1p],
Φ22 = −2α∂q∂
−1q + 2αp∂−1p(∂ − 2α∂p∂−1q)
−α(p2 + q2)(1 − 2αp∂−1q)− p∂−1q[1 + 2α2(p2 + q2) + 4α2∂q∂−1q].
(2.29)
It is now a direct computation that all members in the generalized soliton hierarchy (2.15) are
bi-Hamiltonian:
utm = Km = J
δHm+1
δu
=M
δHm
δu
, m ≥ 0, (2.30)
where the second Hamiltonian operator M is given by
M = ΦJ =
(
M11 M12
M21 M22
)
(2.31)
with the entries of M being defined by


M11 = ∂ + 2α∂p∂
−1q + 2α2(p2 + q2)q∂−1q
−2αq∂−1p(∂ − 2α∂p∂−1q) + q∂−1q[1 + 2α2(p2 + q2)− 4α2∂q∂−1q],
M12 = −2α∂p∂
−1p+ α(p2 + q2)(1− 2αq∂−1p)
+2αq∂−1q(2α∂q∂−1p− ∂)− q∂−1p[1 + 2α2(p2 + q2)− 4α2∂p∂−1p],
M21 = 2α∂q∂
−1q − α(p2 + q2)(1 + 2αp∂−1q)
+2αp∂−1p[∂ + 2α∂p∂−1q] + p∂−1q[−1− 2α2(p2 + q2) + 4α2∂q∂−1q],
M22 = ∂ − 2α∂q∂
−1p+ 2α2(p2 + q2)p∂−1p
+2αp∂−1q(∂ − 2α∂q∂−1p) + p∂−1p[1 + 2α2(p2 + q2)− 4α2∂p∂−1p].
(2.32)
So far, we have established the bi-Hamiltonian structures and therefore proved the Liouville in-
tegrability of the first generalized Ma soliton hierarchy (2.15). Further, it follows that there are
infinitely many commuting common symmetries and conserved functionals
[Kl,Km] = K
′
l(u)[Km]−K
′
m(u)[Kl] = 0, l,m ≥ 0 (2.33)
and {
{Hl,Hm}J =
∫
( δHl
δu
)TJ δHm
δu
dx = 0,
{Hl,Hm}M =
∫
( δHl
δu
)TR δHm
δu
dx = 0,
l,m ≥ 0. (2.34)
Remark. By taking α = 0 for the generalized matrix spectral problem (1.7), the recursion operator
(2.28) and bi-Hamiltonian structures (2.30) of the corresponding generalized soliton hierarchy (2.15)
are reduced to the ones of the Ma soliton hierarchy of AKNS type in [18].
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3 Generalized Ma equations of KN type associated with so(3,R)
3.1 A hierarchy of generalized Ma equations of KN type
In the same way as shown in Section 2, we can construct a hierarchy of generalized Ma equations
of KN type from the generalized matrix spectral problem (1.8), i.e.,
φx = Uφ = [(λ
2 + α(p2 + q2))e1 + λpe2 + λqe3)]φ, u =
(
p
q
)
, φ =

φ1φ2
φ3

 (3.1)
with the spectral matrix U being defined by
U = U(u, λ) =

 0 −λq −λ
2 − α(p2 + q2)
λq 0 −λp
λ2 + α(p2 + q2) λp 0

 . (3.2)
Let us first begin with solving the stationary zero curvature equation
Wx = [U,W ], W =

0 −c −ac 0 −b
a b 0

 (3.3)
which gives 

ax = λpc− λqb,
bx = λqa− λ
2c− α(p2 + q2)c,
cx = α(p
2 + q2)b+ λ2b− λpa.
(3.4)
By letting
a =
∑
i≥0
aiλ
−2i, b =
∑
i≥0
biλ
−2i−1, c =
∑
i≥0
ciλ
−2i−1, (3.5)
and taking the initial values
a0 = 1, b0 = p, c0 = q, (3.6)
we have the following recursion relations from the system (3.4):


ai+1,x = α(p
2 + q2)(qbi − pci)− qci,x − pbi,x,
bi+1 = pai+1 − α(p
2 + q2)bi + ci,x,
ci+1 = qai+1 − α(p
2 + q2)ci − bi,x,
i ≥ 0, (3.7)
which yields
(
bi+1
ci+1
)
= L
(
bi
ci
)
, L =
(
L11 L12
L21 L22
)
, i ≥ 0, (3.8)
with L being given by


L11 = −α(p
2 + q2) + αp∂−1q(p2 + q2)− p∂−1p∂,
L12 = ∂ − αp∂
−1p(p2 + q2)− p∂−1q∂,
L21 = −∂ + αq∂
−1q(p2 + q2)− q∂−1p∂,
L22 = −α(p
2 + q2)− αq∂−1p(p2 + q2)− q∂−1q∂.
(3.9)
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By imposing the same conditions on the constants of integration as in (2.9), we can determine the
sequence {ai, bi, ci| i ≥ 1} uniquely. The first two sets can be computed as
a1 = −
1
2
(p2 + q2), b1 = qx −
(
α+
1
2
)
p(p2 + q2), c1 = −px −
(
α+
1
2
)
q(p2 + q2);
a2 = qpx − pqx +
(
α+
3
8
)
(p2 + q2)2,
b2 = −pxx − 2αpqpx −
(
2α+
3
2
)
p2qx −
(
4α+
3
2
)
q2qx +
(
α2 +
3
2
α+
3
8
)
p(p2 + q2)2,
c2 = −qxx + 2αqpqx +
(
2α+
3
2
)
q2px +
(
4α+
3
2
)
p2px +
(
α2 +
3
2
α+
3
8
)
q(p2 + q2)2.
Next, let us introduce the auxiliary matrix spectral problems
φtm = V
[m]φ, V [m] = λ(λ2m+1W )+ +∆m = (λ
2m+2W )+ + (fm − am+1)e1, m ≥ 0, (3.10)
where fm satisfy
fm,x = 2α(pptm + qqtm), m ≥ 0. (3.11)
Now the compatibility conditions of (1.8) and (3.10), i.e., the zero curvature equations
Utm − V
[m]
x + [U, V
[m]] = 0, m ≥ 0, (3.12)
lead to {
ptm = bm,x + β(p
2 + q2)cm − qfm = qam+1 − cm+1 − qfm,
qtm = cm,x − β(p
2 + q2)bm + pfm = bm+1 − pam+1 + pfm
m ≥ 0. (3.13)
Therefore, based on (3.13), we can solve (3.11) to get
fm = −2βam+1, m ≥ 0. (3.14)
Upon plugging (3.14) into (3.13), we finally arrive at the hierarchy of generalized Ma equations of
KN type:
utm = Km = R
(
bm+1
cm+1
)
, R =
(
−(1 + 2β)q∂−1q −1 + (1 + 2β)q∂−1p
1 + (1 + 2β)p∂−1q −(1 + 2β)p∂−1p
)
, m ≥ 0. (3.15)
The first nontrivial nonlinear system is given by
ut1 =
(
p
q
)
t1
=
(
qxx −
1
2q
2px −
(
3
2 + 4β
)
p2px − (1 + 4β)pqqx +
(
1
4 + β
)
βq(p2 + q2)2
−pxx −
1
2p
2qx −
(
3
2 + 4β
)
q2qx − (1 + 4β)pqpx −
(
1
4 + β
)
βp(p2 + q2)2.
)
(3.16)
3.2 Bi-Hamiltonian structure and Liouville integrability of the second general-
ized soliton hierarchy
In order to establish bi-Hamiltonian structures for the second generalized soliton hierarchy (3.15),
we shall use the trace identity (2.17). It is direct to calculate that


tr
(
W ∂U
∂λ
)
= −4λa− 2pb− 2qc,
tr
(
W ∂U
∂p
)
= −4βpa− 2λb,
tr
(
W ∂U
∂q
)
= −4βqa− 2λc.
(3.17)
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Therefore, we have
δ
δu
∫
(2λa + pb+ qc)dx =
(
λ−γ
∂
∂λ
λγ
)(
λb+ 2βpa
λc+ 2βqa
)
. (3.18)
By substituting (3.5) into the above equation and comparing the coefficients of each power of λ,
we get
δ
δu
∫
(2am+1 + pbm + qcm)dx = (γ − 2m)
(
bm + 2βpam
cm + 2βqam
)
, m ≥ 0 (3.19)
The identity corresponding to m = 1 tells γ = 0. Thus, we have
δHm
δu
=
(
bm + 2βpam
cm + 2βqam
)
, m ≥ 0, (3.20)
with
H0 =
1
2
(1 + 2β)
∫
(p2 + q2)dx, Hm =
∫ (
−
2am+1 + pbm + qcm
2m
)
dx, m ≥ 0. (3.21)
Moreover, noticing that
(
bm+1
cm+1
)
= N
(
bm+1 + 2βpam+1
cm+1 + 2βqam+1
)
, N =
(
1 + 2βp∂−1q −2βp∂−1p
2βq∂−1q 1− 2βq∂−1p
)
, m ≥ 0, (3.22)
we find that
utm = Km = J
δHm+1
δu
, m ≥ 0, (3.23)
with J = RN being given by
J =
(
−(1 + 4β)q∂−1q −1 + (1 + 4β)q∂−1p
1 + (1 + 4β)p∂−1q −(1 + 4β)p∂−1p
)
. (3.24)
It is obvious that
δHm+1
δu
= Ψ
δHm
δu
, Ψ = N−1LN, (3.25)
where the inverse operator N−1 of N is given by
N−1 =
(
1− 2βp∂−1q 2βp∂−1p
−2βq∂−1q 1 + 2βq∂−1p
)
. (3.26)
Then from Km+1 = ΦKm, m ≥ 0, and JΨ = ΦJ , we obtain a common recursion operator for the
generalized soliton hierarchy (3.15):
Φ = Ψ† = N †L†(N−1)† (3.27)
where N † denotes the adjoint operator of N . The operator Φ can be expressed explicitly as follows:
Φ =
(
Φ11 Φ12
Φ21 Φ22
)
(3.28)
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with


Φ11 = 2βq∂
−1q∂ + 2β2q∂−1p(p2 + q2) + 2β(1 + 2β)q∂−1q∂q∂−1p
−β(p2 + q2)[1 + (1 + 2β)q∂−1p]− (1 + 2β)(1 − 2βq∂−1p)∂p∂−1p,
Φ12 = (1− 2βq∂
−1p)[∂ − (1 + 2β)∂p∂−1q]
−β(1 + 2β)[(p2 + q2)− 2q∂−1q∂]q∂−1q + 2β2q∂−1q(p2 + q2),
Φ21 = −(1 + 2βp∂
−1q)[∂ + (1 + 2β)∂q∂−1p]
+β(1 + 2β)[(p2 + q2)− 2p∂−1p∂]p∂−1p− 2β2p∂−1p(p2 + q2),
Φ22 = 2βp∂
−1p∂ − 2β2p∂−1q(p2 + q2)− 2β(1 + 2β)p∂−1p∂p∂−1q
−β(p2 + q2)[1 − (1 + 2β)p∂−1q]− (1 + 2β)(1 + 2βp∂−1q)∂q∂−1q.
(3.29)
Obviously, we can similarly show that all members of the generalized soliton hierarchy (3.15)
are bi-Hamiltonian:
utm = Km = J
δHm+1
δu
=M
δHm
δu
, m ≥ 0, (3.30)
where the second Hamiltonian operator M is given by
M = ΦJ =
(
M11 M12
M21 M22
)
(3.31)
with the entries of M being defined by


M11 = ∂ − 2βq∂
−1p∂ + 2β(1 − 2βq∂−1p)∂p∂−1q
+2β2q∂−1q(p2 + q2) + 2β2[(p2 + q2)− 2q∂−1q∂]q∂−1q,
M12 = β(1 − 2βq∂
−1p)[(p2 + q2)− 2∂p∂−1p]
−2β2[(p2 + q2)− 2q∂−1q∂]q∂−1p− 2βq∂−1q∂,
M21 = β(1 + 2βp∂
−1q)[2∂q∂−1q − (p2 + q2)]
+2β2[2p∂−1p− (p2 + q2)]p∂−1q + 2βp∂−1p∂,
M22 = ∂ + 2βp∂
−1q∂ − 2β(1 + 2βp∂−1q)∂q∂−1p
+2β2p∂−1p(p2 + q2) + 2β2[(p2 + q2)− 2p∂−1p∂]p∂−1p.
(3.32)
These bi-Hamiltonian structures show the Liouville integrability of the generalized Ma soliton
hierarchy of KN type (3.15). Further, it follows that there are infinitely many commuting common
symmetries and conserved functionals
[Kl,Km] = K
′
l(u)[Km]−K
′
m(u)[Kl] = 0, l,m ≥ 0 (3.33)
and {
{Hl,Hm}J =
∫
( δHl
δu
)TJ δHm
δu
dx = 0,
{Hl,Hm}M =
∫
( δHl
δu
)TM δHm
δu
dx = 0,
l,m ≥ 0. (3.34)
Remark. By taking the ansatz β = 0 for the generalized matrix spectral problem (1.8), the recursion
operator (3.28) and the bi-Hamiltonian structures (3.30) of the corresponding generalized soliton
hierarchy (3.15) are reduced to the ones of the Ma soliton hierarchy of KN type presented in [19].
4 Conclusion and discussion
In this paper, we proposed two new matrix spectral problems associated with so(3,R), that is, the
generalized AKNS spectral problem and the generalized KN spectral problem. We derived two
hierarchies of soliton equations by the standard procedure using the zero curvature formulation,
together with their recursion operators and bi-Hamiltonian structures, and finally proved their
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integrability in the sense of Liouville. The discussed two generalized matrix spectral problems and
their corresponding results are reduced to the ones presented in [18] and [19], upon making the
choice β = 0.
In [25], Ma et al. successfully generalized the classical WKI matrix spectral problem associated
with sl(2,R):
φx = λ(e
′
1 + pe
′
2 + qe
′
3)φ (4.1)
to the following matrix spectral problem associated with so(3,R):
φx = λ(e1 + pe2 + qe3)φ, (4.2)
by taking the same linear combination of the basis matrices. However, it remains a problem how to
generalize the matrix spectral problem (4.2) associated with so(3,R). We hope there will be some
generalized matrix spectral problem for (4.2), which can yield a generalized soliton hierarchy as we
did above.
Acknowledgement
This work was supported by the National Natural Science Foundation of China under the grants
11271266, 11271008, 11371323, 11371326 and 61072147, NSF under the grant DMS-1301675, Nat-
ural Science Foundation of Shanghai (Grant No. 11ZR1414100), Zhejiang Innovation Project of
China (Grant No. T200905), and the First-class Discipline of Universities in Shanghai and Shanghai
Univ. Leading Academic Discipline Project (No. A.13-0101-12-004). The authors would also like
to thank S. Manukure and W.Y. Zhang for their valuable discussions in DE seminars at University
of South Florida.
References
[1] M. J. Ablowitz and P. A. Clarkson, Solitons, Nonlinear Evolution Equations and Inverse
Scattering (Cambridge University Press, Cambridge, 1991).
[2] S. Novikov, S. V. Manakov, L.P. Pitaevskii and V.E. Zakharov, Theory of Solitons-The Inverse
Scattering Method (Consultant Bureau/A Division of Plenum Publishing Corporation, New
York, 1984).
[3] D. Y. Chen, Introduction to Solitons (Science Press, Beijing, 2006).
[4] V. G. Drinfeld and V. V. Sokolov, “Equations of Korteweg-de Vries type and simple Lie
algebras,” Soviet Math. Dokl. 23, 457-462 (1981).
[5] A. S. Fokas, “Symmetries and integrability,” Stud. Appl. Math. 77, 253-299 (1987).
[6] P. D. Lax, “Integrals of nonlinear equations of evolution and solitary waves,” Comm. Pure
Appl. Math. 21, 467-490 (1968).
[7] M. J. Ablowitz, D. J. Kaup, A. C. Newell and H. Segur, “The inverse scattering transformation-
Fourier analysis for nonlinear problems,” Stud. Appl. Math. 53, 249-315 (1974).
[8] D. J. Kaup and A. C. Newell, “An exact solution for a derivative nonlinear Schro¨dinger equa-
tion,” J. Math. Phys. 19, 798-801 (1978).
11
[9] M. Wadati, K. Konno and Y. H. Ichikawa, “New integrable nonlinear evolution equations,” J.
Phys. Soc. Jpn. 47, 1698-1700 (1979).
[10] H. Grosse, “New solitons connected to the Dirac equation,” Phys. Rep. 134, 297-304 (1986).
[11] M. Boiti, F. Pempinelli and G. Z. Tu, “Canonical structure of soliton equations via isospectral
eigenvalue problems,” Nuovo Cimento B 79, 231-265 (1984).
[12] G. Z. Tu, “On Liouville integrability of zero-curvature equations and the Yang hierarchy,” J.
Phys. A: Math. Gen. 22, 2375-2392 (1989).
[13] W. X. Ma and M. Chen, “Hamiltonian and quasi-Hamiltonian structures associated with semi-
direct sums of Lie algebras,” J. Phys. A: Math. Gen. 39, 10787-10801 (2006).
[14] F. Magri, “A simple model of the integrable Hamiltonian equation,” J. Math. Phys. 19, 1156-
1162 (1978).
[15] P. Casati, A. Della Vedova and G. Ortenzi, “The soliton equations associated with the affine
Kac-Moody Lie algebra G
(1)
i ,” J. Geom. Phys. 58, 377-386 (2008).
[16] B. Fuchssteiner and A. S. Fokas, “Symplectic structures, their Ba¨cklund transformations and
hereditary symmetries,” Physica D 4, 47-66 (1981).
[17] P. J. Olver, Applications of Lie Groups to Differential Equations, Graduate Texts in Mathe-
matics Vol. 107 (Springer-Verlag, New York, 1986).
[18] W. X. Ma, “A soliton hierarchy associated with so(3,R),” Appl. Math. Comput. 220, 117-122
(2013).
[19] W. X. Ma, “A spectral problem based on so(3,R) and its associated commuting soliton equa-
tions,” J. Math. Phys. 54, 103509 (2013).
[20] W. X. Ma, “A new hierarchy of Liouville integrable generalized Hamiltonian equations and
its reduction,” Chin. Ann. Math. A 13, 115-123 (1992); Chin. J. Contemp. Math. 13, 79-89
(1992).
[21] X. G. Geng and W. X. Ma, “A generalized Kaup-Newell spectral problem, soliton equations
and finite-dimensional integrable systems,” Il Nuovo Cimento A 108, 477-486 (1995).
[22] Z. Y. Yan and H. Q. Zhang, “A hierarchy of generalized AKNS equatoins, N -Hamiltonian
structures and finite-dimensional involutive systems and integrable systems,” J. Math. Phys.
42, 330-339 (2001).
[23] W. X. Ma, “Variational identities and Hamiltonian structures,” in: Nonlinear and Modern
Mathematical Physics, pp.127, edited by W. X. Ma, X. B. Hu and Q. P. Liu, AIP Conf. Proc.
1212 (American Institute of Physics, Melville, NY, 2010).
[24] W. X. Ma, J. H. Meng and H. Q. Zhang, “Integrable couplings, variational identities and
Hamiltonian formulations,” Global J. Math. Sci. 1, 1-17 (2012).
[25] W. X. Ma, S. Manukure and H. C. Zheng, “A counterpart of the WKI soliton hierarchy
associated with so(3, R),” (preprint, 2013).
12
